In this paper we present a recurrent relation for counting meaningful compositions of the higher-order differential operations on the space R n (n=3,4,...) and extract the non-trivial compositions of order higher than two.
DIFFERENTIAL FORMS AND OPERATIONS ON THE SPACE R 3
It is well known that the first-order differential operations grad, curl and div on the space R 3 can be introduced using the operator of the exterior differentiation d of differential forms [1] :
where Ω i (R 3 ) is the space of differential forms of degree i = 0, 1, 2, 3 on the space R 3 over the ring of functions A = {f : R 3 → R | f ∈ C ∞ (R 3 )}. In the consideration, which follows, we give definitions of the first-order differential operations.
Let us notice that one-dimensional spaces Ω 0 (R 3 ) and Ω 3 (R 3 ) are isomorphic to A and let ϕ 0 : Ω 0 (R 3 ) → A, ϕ 3 : Ω 3 (R 3 ) → A be the corresponding isomorphisms. Next, the set of vector functions B = {f = (f1, f2, f3) :
over the ring A, is three-dimensional. It is isomorphic to Ω 1 (R 3 ) and Ω 2 (R 3 ). Let
be the corresponding isomorphisms. In that case, the compositions ϕ
are isomorphisms of the corresponding spaces of differential forms. The first-order differential operations are defined via the operator of the exterior differentiation d of differential forms in the following form:
2 : B → A. Therefore we obtain explicit expressions for the first order differential operations ∇ 1 , ∇ 2 , ∇ 3 on the space R 3 in the following form:
e 2 + ∂f ∂x3
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Let us count meaningful compositions of differential operations ∇ 1 , ∇ 2 , ∇ 3 . Consider the set of functions Θ = {∇ 1 , ∇ 2 , ∇ 3 }. Let us define a binary relation ρ "to be in composition" with ∇ i ρ∇ j = ⊤ iff the composition ∇ j • ∇ i is meaningful (∇ i , ∇ j ∈ Θ). The Cayley's table of this relation reads:
We form the graph of relation ρ as follows. If ∇ i ρ∇ j = ⊤ then we put the node ∇ j under the node ∇ i . Let us mark ∇ 0 as nowhere-defined function ϑ, with domain and range being the empty set [2] . We shall consider ∇ 0 ρ∇ i = ⊤ (i = 1, 2, 3). For the set of functions Θ ∪ {∇ 0 } our graph is the tree with the root in the node ∇ 0 .
f (4) = 13
Let f i (k) be a number of meaningful compositions of the k th -order beginning with ∇ i . Let f (k) be a number of meaningful composition of the k th -order of operations over Θ. Then f (k) = f 1 (k) + f 2 (k) + f 3 (k). Based on partial self similarity of the tree ( Fig. 1) , which is formed according to Cayley's table (4), we get equalities:
Now, a recurrent relation for f (k) can be derived as follows:
Based on the initial values: 
As non-trivial compositions we consider those which are not identical to the zero function. Terms in parentheses are included in for an odd number of terms and are left out otherwise.
DIFFERENTIAL FORMS AND OPERATIONS ON THE SPACE R
n Let us present a recurrent relation for counting meaningful compositions of the higher-order differential operations on the space R n (n = 3, 4, . . .) and extract the non-trivial compositions of order higher than two. Let us form the following sets of functions:
Let Ω i (R n ) be a set of differential forms of degree i = 0, 1, . . . , n on the space R n . Let us notice that Ω i (R n ) and Ω n−i (R n ), over ring A 0 , are spaces of the same dimension n i , for i = 0, 1, . . . , m. They can be identified with A i , using the corresponding isomorphisms:
We define the first-order differential operations on the space R n via the operator of the exterior differentiation d as follows:
Therefore, we obtain the first order differential operations on the space R n , depending on pairity of dimension n, in the following form:
Consider the set of functions Θ = {∇ 1 , ∇ 2 , . . . , ∇ n }. Let us define a binary relation ρ "to be in composition" with
. It is not difficult to check that Cayley's table of this relation is determined with:
Let us form an adjacency matrix A = [a ij ] ∈ {0, 1} n×n of the graph, determined by relation ρ. Let f i (k) be a number of meaningful compositions of the k th -order beginning with ∇ i (notice that f i (1) = 1 for i = 1, . . . , n). Let f (k) be a number of meaningful composition of the k th -order of operations over Θ. Then f (k) = f 1 (k)+. . .+f n (k). Notice that the following is true:
Based on (7) we form the system of recurrent equations:
Let us determine non-trivial higher-order meaningful compositions on the space R n . For isomorphisms ϕ k we have:
. . , n and 2k = n. Then, based on (6) and (13), all second-order compositions are given by the formula:
where 0 is a trivial composition, g j,k is a non-trivial second-order composition and ϑ is a nowhere-defined function for j, k = 1, . . . , n. Notice that in
k−1 (j = n+1−k ∧ 2k = n) and switching the terms is impossible, because in that way we get nowhere-defined function ϑ. Hence, we conclude that the following theorem holds. Theorem 2. All meaningful non-trivial differential operations on the space R n (n = 3, 4, . . .), of order higher than, two are given in the form of the following compositions:
with to the condition k + j = n + 1 and 2k, 2j = n for k, j = 1, 2, . . . , n. Terms in parentheses are included in for an odd number of terms and are left out otherwise.
